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Abstract

One of the central problems in statistical mechanics is that of finding the
density of states of a system. Knowledge of the density of states of a system
is equivalent to knowledge of its fundamental equation, from which all ther-
modynamic quantities can be obtained. Over the past several years molecular
simulations have made considerable strides in their ability to determine the
density of states of complex fluids and materials. In this review we discuss
some of the more promising approaches proposed in the recent literature
along with their advantages and limitations.
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1. INTRODUCTION

Molecular simulations can be classified into two categories: Monte Carlo approaches (1), which
seek to sample the configuration space of a system, and molecular dynamics (2, 3), which follow a
system’s evolution in time by integrating Newton’s equation of motion. In either case, mechanical
properties such as the internal energy U or the pressure P can be easily determined as directaverages
of instantaneous properties such as the interactions between particles or the forces between them.
Thermal properties, such as the free energy or the entropy, are more difficult to calculate. They
cannot be extracted directly from a simulation and require that ensemble or time averages of
indirect properties be determined (4). In the so-called Widom particle insertion approach (5), for
example, one attempts to determine the average energy that a ghost particle would experience
if it were inserted at random into the system of interest without disturbing the configuration of
the existing, real particles. The average of the exponential of that energy is proportional to the
chemical potential (or molar Gibbs free energy) of the system.

In recent years, however, molecular simulations have undergone a paradigm shift in which the
free energy itself is used to guide sampling of the configuration space (6-50). Such methods not
only offer the promise of more efficient sampling, particularly in systems characterized by rough
free energy landscapes, but also lead to direct estimates of the free energy. This review focuses on
a discussion of such methods, which we refer to collectively as density-of-states (DOS) sampling
techniques.

A common problem encountered in molecular simulations is that of rare events. The free energy
surfaces of complex systems, along predefined sets of coarse-grained variables or order parameters,
often exhibit deep minima, corresponding to stable phases or states, separated by large barriers.
Such barriers constitute sampling or dynamical bottlenecks that hinder the evolution of the system
from one minimum to the next. The presence of free energy barriers and bottlenecks leads to a
separation of timescales in which the time # spent in a stable state (basin of the free energy) is
much greater than the time spent crossing the barriers. This separation of timescales serves to
define a rare event—an event so infrequent that it defies study by traditional simulations (48).
In DOS simulations, such a separation in timescales is countered by introduction of a biasing
potential or force in the system that makes those two timescales commensurate. We begin this
review with a brief overview of various DOS-based methods. Subsequent sections are devoted to
a discussion of novel, more advanced algorithms that combine elements from multiple advanced
sampling techniques. A Supplemental Text section describes the mathematical foundations of
DOS methods (follow the Supplemental Material link from the Annual Reviews home page at
http://www.annualreviews.org). A concluding section is devoted to a discussion of the general
applicability of such techniques for simulations of complex systems in the areas of materials and
biomolecular research.

2. DENSITY OF STATES SIMULATIONS

The central quantity of interest in DOS-based simulations is the microcanonical partition function
or DOS Q(E, V', N). For a given system with a volume } and number of particles N,  is
proportional to the number of distinct states having energy E. All thermodynamic properties of
the system can be calculated from knowledge of Q(E, V', N). For example, the canonical ensemble
average of a quantity X(E) can be determined from Q(E) according to

_ Yy XE)Q(E)eP*

<X>NVT = ZE Q(E)e’ﬁE N 1.
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where the sum extends over the entire range of energy accessible to the system. Conventional
canonical ensemble Monte Carlo or molecular dynamics simulations generate configurations that
are distributed with probability proportional to Q(E, V', N') exp(—BE), where 3 = 1/kgT , but
do not yield a direct estimate of Q. DOS methods provide a means to measure 2 directly.

A little over a decade ago, Wang & Landau (25) introduced a remarkably simple and effective
approach for direct calculation of the DOS from a Monte Carlo simulation. Although several
methods had already been proposed to estimate Q, Wang & Landau’s contribution was seminal
in that it allowed for the automatic, on-the-fly calculation of the DOS of a system with little
intervention from the user. Equally importantly, in their approach DOS guided the sampling,
thereby allowing the method to overcome large free energy barriers in a systematic manner. The
Wang-Landau (WL) method is based on the observation that if the configuration space is sampled
according to a probability proportional to the reciprocal of the DOS, ﬁ, then the corresponding
histogram of energies should be perfectly flat. In practice, a WL simulation is implemented by
modifying an estimated DOS in a manner that produces a flat histogram of visits to distinct energy
levels over a specified energy range. One starts with a simple guess of the DOS (e.g., 2 = 1 for
all values of E). A random walk in energy space is performed by generating trial configurations by
simple random displacements; a trial configuration is accepted according to

Q(Ey) 1}
QE) ]’

p(E; - E;) = min [

where E; and E, denote the energies of the system before and after the trial move. Every time
that an energy level E is visited, the corresponding DOS is updated by multiplying the current
value by a modification factor f that is greater than unity, i.e., Q(E) — Q(E) x f. The initial
value f; of the modification factor can be set to fy = e. Such a choice allows for relatively fast
sampling of all possible energy levels. A histogram of energy, H(E), is also updated every time
that an energy state is visited. The energy range of interest is sampled, and the DOS is modified
until the accumulated histogram H(E) becomes sufficiently flat. Sufficient flatness is achieved, for
example, when all entries (or bins) of the histogram do not deviate by more than 70% or 80% from
their mean, (H(E)). Once the histogram is flat, the modification factor is reduced according to
the formula f; = /i, and the histogram H(E) is reset to zero. The above cycle is repeated until
the newly constructed histogram H(E) is again flat. The algorithm stops when the modification
factor fis smaller than a predefined value, typically in the vicinity of In f = 10719,

2.1. Multidimensional Density of States

The original WL DOS algorithm (25) was conceived in the context of an Ising system, which has
discrete energy states. Yan et al. (49) and Faller et al. (50) subsequently extended that approach
to systems in a continuum (a Lennard-Jones fluid). Yan et al. (49) also presented extensions to
open systems in which both the number of particles N and the energy E were sampled for a
Lennard-Jones fluid, thereby generating an estimate for Q(N, E) over a wide range of density that
enabled calculation of the entire phase behavior of the Lennard-Jones fluid. Figure 1 shows the
DOS Q(N, E) of a Lennard-Jones system with the corresponding liquid-vapor coexistence curve.
As shown in the figure, DOS simulations permit calculation of vapor-liquid equilibria at relatively
low temperatures at which alternative approaches such as Gibbs ensemble simulations would be
overly demanding. Subsequent refinements of the WL DOS algorithm facilitated applications to
more complex systems (32, 51-57), including glasses (58), polymers (59), and proteins (60-65).
In the following we discuss in more detail several extensions or refinements of the WL DOS
method.
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(@) Two-dimensional density of states and (b) the corresponding vapor-liquid coexistence curve for the truncated Lennard-Jones
system. Each line in panel # corresponds to a different value of N in the range N = 0 to N = 110 for a volume of 125 ¢
Lennard-Jones units. p* represents the number density, p* represents the pressure in reduced units, and 7* represents the temperature
in reduced units. Reprinted with permission from Reference 49. Copyright (©) 2002, American Institute of Physics.
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In cases in which it is of interest to determine the DOS as a function of E and V, regular
canonical-ensemble displacement moves, in which trial configurations are generated through
random perturbations of an existing configuration, must be supplemented with isobaric-ensemble
volume moves, in which the volume of the simulation box is also changed. Canonical-ensemble
trial moves (1) are accepted with the probability criteria given by Equation 2. Volume-change trial
moves are accepted according to

N
P(E;, Vi — E,,V,)=min| 1, (Vz) QE, V1)

Vi) QE),V))

Simulations are carried out in a manner analogous to that employed for 1D DOS; the H (E, V')
histogram is reset whenever it is deemed sufficiently flat, and the modification factor is decreased
according to the prescription fiy1 = /f;.

2.2. Expanded Ensemble Density of States

As outlined above, DOS algorithms can be used to generate different projections of the micro-
canonical DOS Q(E, I, N'), which can then be used to determine averages in traditional statistical
mechanical ensembles such as the NIV T, NPT , or ul’'T . There are cases, however, in which it is
of interest to generate a free energy profile along a particular order parameter or reaction coordi-
nate. Consider, for example, the potential of mean force that is required to bring two molecules in
aliquid into close proximity. That potential of mean force is proportional to the radial distribution
function and can be measured experimentally. Consider the potential of mean force required to
unfold a protein by pulling on its ends, which can also be measured by atomic force microscopy. A
potential of mean force can be determined by resorting to an expanded ensemble formalism (27,
28). The thermodynamic space of interest is subdivided into M states along an order parameter
or reaction coordinate s such that the 7% state corresponds to a particular value of s = s,,. The
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partition function of this expanded ensemble is given by

M

M
E=Y QIN.V.T.mw, = Quwn. 4.
m=1

m=1

where Q,, and w,, denote a canonical partition function and a positive weight factor for state 7z,
respectively. The probability p,, with which a state 2 is visited is related to the partition function,
&, through

Q?ﬂ w?}l
=—-

Dm 5.
In general, one has the following relation between any two expanded states 7z and &:
& _ Puwi 6
Qk PrWm ’ '
The free energy difference between two states 7z and k is therefore given by:
B[F(sy) — F(sp)] = —1n % = —[lnw; — Inw,] + [In pp —In p,]. 7.
k

If a uniform sampling of states is enforced, then Inp; — Inp,, = 0 and B[F(s,) — F(s)]
—[lnw; —Inw,].

For a continuous order parameter, a uniform sampling of states can be achieved by performing
DOS simulations along a reaction coordinate as opposed to energy space. This approach is referred
to as expanded ensemble DOS (EXEDOS) (27, 28). The aim of the simulation is to determine
the weights as a function of the order parameter, w(s). One generates trial configurations through
random displacements of the reaction coordinate and by accepting them according to

P(sy — 53) = min[1, ¢~ P ED=(nwainwn), 8.

As before, w(s) is initially assumed to be a constant, typically 1. A histogram H(s) is accumulated
and eventually reset to zero whenever it is deemed to be sufficiently flat. A modification factor is
used to update w(s), whose value is decreased as repeated cycles of the algorithm are performed.
The converged value of w(s) corresponds to the free energy profile along the reaction coordinate
5, as indicated in Equation 7. The above formulation of EXEDOS can be further generalized to
any number of dimensions, and can therefore be used to obtain free energy surfaces along an
arbitrary number of order parameters.

2.3. Density of States with Molecular Dynamics: Metadynamics

The DOS and EXEDOS algorithms described above are based on Monte Carlo algorithms.
Given the widespread availability of molecular dynamics simulation codes (66-71), however, it
is of interest to devise advanced sampling techniques that rely on molecular dynamics moves to
explore phase space. The central idea behind DOS simulations is to arrive at a set of weights (the
DOS) such that sampling along a given thermodynamic variable or order parameter is uniform.
That idea can be carried over to molecular dynamics techniques, in which properly chosen forces
can be introduced to evolve the system in a manner that leads to uniform sampling. The so-called
local elevation search method (14), various adaptive bias force methods (14, 24, 39-41, 44), and
the self-healing umbrella sampling (72) technique are all examples of such a strategy.
Metadynamics, originally introduced by Parrinello and colleagues (73, 74), relies on similar
ideas. In metadynamics, uniform sampling is sought along a finite number of collective variables
(CVs), s (x), x = 1,2, ...,d, where d is a small number and x denotes the Cartesian coordinates
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Figure 2

A schematic representation of the evaluation of potential energy, F(s) in the metadynamics method along an
order parameter s. The thick red line represents the bare potential energy V' (x) of the system. The thin blue
lines correspond to the sum V(x) + > V(x, t) at time # (see Equation 10). The numbers denote how many
Gaussians have been added to the system at a given time 7. As more and more Gaussians are added, the

potential energy minima are gradually filled, and sampling of different states becomes increasingly uniform.

of the system. In a traditional molecular dynamics simulation, the system can be trapped in local
energy minima. To promote uniform sampling, at intervals of time T¢;, metadynamics adds a small
repulsive Gaussian potential to the system to help it escape from such minima. The height /¥ and
the width &5 of the Gaussian potential are chosen to provide a reasonable compromise between
accuracy and efficiency when exploring the free energy surface. At any given time ¢, for a system
at a point s in CV space, the net force acting on all particles, fi,.i(), is given by

V() i AV Gl5a(®). 7] 05a

—_— 9.
ox 05y ox’

ftotal (t) =

a=1

where V(x, t) is the original potential energy at x, and V[s«(x), ] is the net added Gaussian
potential given by:

d N2
Vg(s,t)=W§exp{—;W}. 10.
Figure 2 illustrates the mechanism by which hills are added to the actual potential energy. In
addition to facilitating uniform sampling of the CV space, metadynamics also yields the free
energy profile along the CVs according to F(s) = —V (s, t — 00). Laio & Gervasio (75) recently
published an extensive review of metadynamics.

One shortcoming of the original metadynamics prescription is that it does not offer a well-
defined, optimal procedure to determine whether a simulation has converged. Several solutions
have been proposed to address this issue, some of which are discussed in more detail in Section 4.
One that stands out in the context of this review is that proposed by Min et al. (76), which takes
advantage of a direct relationship between metadynamics (73, 74) and the WL DOS algorithm
(25). In their implementation of metadynamics, the simulation is started with an arbitrary hill
height I, and a histogram of visits to distinct collective variable states is recorded. Similar to the
WL algorithm, once the histogram is sufficiently flat, ¥ is decreased. The process continues until
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the hills’ height reaches some prespecified value. Additional details of this method are given in
Section 4.1.

At this point it is instructive to emphasize the connection between WL DOS simulations (25),
EXEDOS simulations (27), and metadynamics simulations (73). In an EXEDOS simulation with
applied weights w(s), the system is distributed along an order parameter s, 7,,(s) o< w(s)Q(s),
where Q(s) is the DOS of the system. As discussed earlier, the goal of DOS simulations is to visit
all states uniformly by constructing weights such that w(s) o ﬁ Once converged, an EXEDOS
simulation yields the free energy as B F(s) = Inw(s) = —In Q(s). In metadynamics, F(s) is given
by —V(s), i.e., the negative of the sum of all of the added Gaussians, in the limit of long simulation
times. The weights applied in a DOS simulation, In w(s), are therefore equivalent to those applied
in metadynamics, i.e., F(s) = —V(s) = kgT In w(s). In view of this relationship, it is of interest
to discuss WL-based simulations and metadynamics approaches within the common umbrella of
DOS, in which the central idea is for the underlying free energy surface to guide the simulation.

2.4. Convergence of Density of States—Based Methods

The mathematical foundations of DOS-based approaches are discussed in the Supplemental Text.
Here we limit our discussion to the issue of convergence, which plays a central role in the accuracy
and validity of a DOS-based simulation. The acceptance criteria in DOS algorithms are based on
the on-the-fly estimation of 2. Thisleads to a coupling of accepted states and the past history of the
simulation. Therefore, unlike the case with regular Metropolis sampling (77), a DOS simulation
does not follow a Markov process (46, 78, 79). Earl & Deem (80) have derived a general condition
for convergence in Monte Carlo methods whose history dependence is contained in the simulated
density distribution. The authors conclude that for a DOS method to converge, the condition of
detailed balance need only be satisfied asymptotically, and the calculated DOS need only approach
the exact DOS with an error proportional to the inverse of time. Several authors have examined the
convergence of the DOS algorithm. Yan & de Pablo (81) were the first to realize that the original
WL DOS approach reaches an asymptotic estimate of the density of states that does not improve
with additional simulation time, and they proposed several strategies based on derivatives of Q to
overcome that problem (see Section 3.2). Zhou & Bhatt (79) showed analytically that for a model
with N discrete energy states, the WL DOS algorithm does converge to the correct DOS €. They
also found that the statistical error scales as /In f, where f is the modification factor. Lee et al. (82)
also found this result in their simulations. Zhou & Bhatt (79) pointed out that the statistical error
in DOS simulations can be decreased either by reducing f or by running multiple calculations.
They showed that using large values of f leads to systematic errors in the calculated value of
owing to the correlation between adjacent records in the histograms. They proposed that DOS
simulations be started with a large fand that f subsequently be reduced in large steps. Multiple
measurements can then be made in the final stage to reduce the statistical error effectively.
Morozov & Lin (78) examined the accuracy and convergence of the DOS algorithm for a two-
level system. Consistent with Zhou & Bhatt (79), they found that the statistical error scales as /In f.
Furthermore, they found that the gradient of entropy S, S = In Q, also affects the accuracy and
convergence of DOS methods. Given the dependence of convergence on the modification factor
/> Belardinelli & Pereyra (83) proposed a time-dependent modification factor, namely, f(r) « 1/z.
With that prescription, the calculated DOS Q.i.(E, ) approaches asymptotically the exact value
Qexace(E) as oc 1793, thereby avoiding the saturation error originally identified by Yan & de Pablo
(81). Belardinelli et al. (84) analyzed in more detail the time dependence of the error calculated
with the 1/¢ algorithm and found that it varies as N ~1/2
steps, in quantitative agreement with the simple sampling Monte Carlo method. More recently,

, where N is the number of Monte Carlo
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Zhou & Su (85) have also proposed a “1/#” rule and have shown that the convergence of the
simulation is at least as good as with the conventional Monte Carlo algorithm, i.e., the statistical
error vanishes as 1/¢, where 7 is the normalized time of the simulation. Importantly, they also
prove that the error cannot vanish faster than 1/z.

3. ADVANCED DENSITY OF STATES-BASED
MONTE CARLO METHODS

As alluded to earlier, several ideas have been proposed to address the convergence of DOS-based
Monte Carlo techniques. In the following we briefly highlight several such methods of particular
importance for the study of complex systems.

3.1. Configurational Biased Density of States

The original WL DOS method was implemented on a 2D Ising model employing simple local
moves (25). The free energy surface of molecular systems, such as proteins or polymers, is more
complex, and more elaborate Monte Carlo trial moves are often required for efficient sampling.
Jain & de Pablo (59) proposed a modified version of the traditional WL DOS that takes into
account the use of advanced bias moves, in particular simple configurational bias (86, 87) and
topological configurational bias (88) moves. The modified algorithm is similar to the traditional
WL DOS, but the acceptance criteria must be adjusted. As described in the Supplemental Text,
in deriving Equation E3 we assumed Pyropose(0 — 7) = Pyropose( — 0). If a configurational bias is
introduced, Equation E3 of the Supplemental Text must be rewritten as

PaCCEPt(O - n) _ Q(EO)PPFOPOSe(n - 0)

= . 11.
PACCEpt(n - 0) Q(Eﬂ)PPFOPOSe(O - n)

Hence, the Metropolis acceptance criteria used in the case of a configurational bias DOS simulation
becomes:

12.

§2 E” PrO ose
Paccepr(l? — 72) = min [1 (E,) prop (n — 0)] .

' Q(En)Pproposc(O - 7’1)
"The particular form of the function Ppepose(0 — 7) depends on the details of the trial move (59).

3.2. Configurational Temperature Density of States

In traditional DOS simulations, the convergence factor f is decreased monotonically as the sim-
ulation proceeds. Configurations generated at different stages of the simulation therefore do not
contribute equally to the running estimate of the free energy profile. As Yan & de Pablo (81)
originally pointed out, in late stages of the simulation, the convergence factor is so small that
the contribution of the corresponding configurations to the free energy becomes negligible. In
other words, many of the configurations generated in a conventional WL DOS simulation are not
utilized effectively, and increasing the simulation time does little to improve the final result of a
simulation.

To circumvent this problem, Yan & de Pablo (81) realized that rather than updating directly
the DOS through a random walk in energy space, one can actually update the derivative of the
DOS with respect to energy and then integrate that function to arrive at Q(E) (89). That derivative

1 38 dInQ(N. V. E)
e Y e S 13.
T ~\3E), O .

is the temperature,
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which can be integrated to give the DOS according to

E
moWN, V. B = [ —dE. 14.

B kT
Equation 14 requires that the temperature be known as a function of the energy. Yan & de Pablo
(81) used the instantaneous configurational temperature (89), which can be determined from the
particles’ coordinates according to
1 <_ Zi Ai- F,)

_ , 15.
kB Tconﬁg (Z, |Fl |2)

where F; is the force acting on particle 7. In their proposed random walk algorithm, which they
referred to as configurational temperature DOS (CT DOS), the dynamically modified DOS serves
only to guide the random walker through configuration space. The final thermodynamic DOS
is calculated from the configurational temperature accumulated in the simulation according to
Equation 14. Because all configurations generated throughout the simulation contribute equally
to the estimated configurational temperature, the algorithm eliminates the problem of nonuniform
contributions to the DOS encountered in traditional WL DOS sampling.

For systems in which the configurational temperature is not directly accessible (e.g., hard-
sphere or lattice systems), Yan & de Pablo (81) also introduced a microcanonical formulation in
which the sum of kinetic and potential energy is constant but the potential energy is allowed to
fluctuate. The kinetic energy can then be used to estimate an instantaneous temperature, which
is used as outlined above to calculate the DOS. In such an ensemble, the probability of observing
a configuration x having total energy E and potential energy U (x) is given by:

[E - U®)]"IO[E - U x)]
Q(N.V.E) ’

n(E, x) « 16.
where /is the total number of degrees of freedom of the system, © is the unit step function, and
Q(N, V', E) is the DOS corresponding to the total energy E, which is calculated on the fly as in
a WL DOS simulation.

Figure 3 compares the performance of various algorithms for a truncated and shifted Lennard-
Jones fluid. Results are shown for the statistical error as a function of convergence factor. For
a given amount of computer time, the errors of the CT DOS method are much lower than
those of a WL DOS simulation. Yan & de Pablo (81) estimate that for simple Lennard-Jones
fluid simulations, their proposed approach is approximately two orders of magnitude faster than
traditional WL DOS simulations. The CT DOS method is particularly effective for complex
systems including proteins (62) and glasses (90).

3.3. Use of Multiple Windows

Dayal et al. (91) showed that the computational time required by DOS techniques scales as the
exponential of the system size and the corresponding energy range. One way to circumvent this
problem is to divide the energy range of interest into smaller ranges and then to combine the
results from smaller simulations to generate the entire DOS for a broad energy domain. More
specifically, Yan & de Pablo (81) divide a wide energy range into smaller, slightly overlapping
energy windows. Independent WL DOS or CT DOS simulations are run in each of these energy
windows, and configuration exchanges, or swap moves, are proposed between adjacent windows
every N gp steps. Once converged, the DOS functions corresponding to all windows are merged
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Figure 3

Performance of the configurational temperature density-of-states (C'T DOS) algorithm as compared with
normal Wang-Landau (WL) DOS simulations for a truncated and shifted Lennard-Jones liquid

(0.85 < T* < 1.5; p* = 0.78). The percentage given in the label represents the degree of flatness of the
histogram. For WL simulations, the errors reach an asymptotic value as the simulation time increases (or

In f decreases). For CT DOS simulations, the error decreases as simulation time increases. For a given
amount of simulation time, the errors of CT DOS are smaller than those of WL DOS. Figure adapted from
Reference 81.

to generate the DOS over the entire energy range of interest. Such an approach gives rise to the
problem choosing the width of the windows, for which several strategies (92-95) are available.

Various attempts have been made to improve various aspects of multiple-window DOS simula-
tions. Janosi & Doxastakis (96) proposed a particularly effective multiple-walker multiple-window
approach. They divide the order parameter of interest into multiple overlapping windows. Each
window is sampled by using multiple independent walkers (multiple realizations of the box). At
regular intervals randomly chosen walkers from adjacent windows are swapped. The advantage of
their method over traditional WL DOS simulations is evident in the results shown in Figure 4
fora Q = 10 Potts model. The number of steps by a walker necessary to produce a flat histogram
of energies in the late stages (small In f) of a DOS simulation is smaller when eight walkers are
used than when a single walker is used (which corresponds to a WL simulation). This scheme is
particularly helpful for implementation on parallel architectures. Janosi & Doxastakis (96) also
demonstrated the advantages of using such an approach in conjunction with smart Monte Carlo
moves.

3.4. Round-Trip Algorithms

An important concept in DOS-based simulations is the so-called tunneling time required for
the random walker to travel from the lower bound of a given energy range to its upper bound.
Ideally, that tunneling time should be as short as possible. Dayal et al. (91), however, have shown
that for a 2D Ising model the tunneling time in a conventional flat-histogram WL DOS method
increases significantly with system size N, thereby placing restrictions on the types of problems that
WL DOS sampling simulations can address. Multiple windows can alleviate these restrictions, as
mentioned earlier. They can also be circumvented by relaxing the flat-histogram condition of the
original WL algorithm. Trebstetal. (97) have proposed an algorithm that systematically optimizes
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Advantages of the multiple-window multiple-walker algorithm over Wang-Landau density of states (DOS)
simulations for a Q = 10 Potts model using different numbers of walkers. T denotes the number of steps by a
walker necessary to produce a flat histogram of energies in the late stages (small In f) of a DOS simulation.
The figure shows the normalized distribution of T extracted from 5,000 independent simulations. Figure
reprinted with permission from Reference 96. Copyright © 2009, American Institute of Physics.

the sampling in DOS-based simulations by maximizing the number of round trips between the
low and the high end of the energy range. Such an approach implicitly leads to minimization
of the tunneling time. To measure the number of round trips, these authors defined two types
of walkers: unlabeled and labeled (+ and —, respectively, with distributions given by #, and 7_).
The labels indicate which of the two extrema of the energy space the walker last visited. The two
extrema of the energy window act as reflecting and absorbing boundaries for the labeled walkers:
if the label is +, a visit to the upper energy bound does not change the label, whereas a visit to
the lower energy bound leads the walker to change its label from + to —. The fraction of time
that a walker is labeled + is given by f(E) = Z:Eg, where 7,,(E) denotes the number of times the
system has visited an energy value of E when w weights are applied to it. A current can then be
defined to quantify the flow of labeled walkers according to

df
35 17.
where D(E) represents the labeled walker’s diffusivity. Noting that at steady state the current j

should be constant and that f(E) satisfies the boundary conditions f(E.) = 1 and f(Epm) = 0,
Equation 17 can be written as:

J = D(E)n,(E)

1 B /'Emnx dE 18
J Fuin D(E)n(E)” .

T'o maximize the number of round trips in a given energy range, Equation 18 needs to be minimized
under the constraint that 7,,(E) is a probability distribution function. Using an Euler-Lagrange
relation, the optimal solution is

optimal __ 1

- 19.
v DEN
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Figure 5

Scaling of round-trip times () in the energy interval [-N,0] for the 2D fully frustrated Ising model with N
spins using Metropolis dynamics. The open red symbols show results from Wang-Landau density of states
(DOS) simulations, and the filled blue symbols show results from the round-trip maximization algorithm.
The points correspond to results presented in Reference 97.

where A is an arbitrary constant. The problem is therefore one of finding the diffusivity D(E) of
labeled walkers. Trebst et al. (97) proposed an iterative feedback algorithm to estimate D(E) in
which simulations begin with arbitrary weights w(E). A fixed number of Monte Carlo steps are
performed, and the weights are modified according to the collected statistics using a set of rules
that are based on Equation 19:

In w(E)®™™ = Inw(E)°Y +0.5 [111 j% —In nw(E)("'d)] ) 20.
The feedback loop continues until the weights stop changing.

Trebst et al. (97) showed that, using this algorithm, the relative statistical error in the DOS
scales as O(1/N rlo/l fn duips)- For the 2D ferromagnetic and fully frustrated Ising models, round-
trip times, T, from the ground state to the maximum entropy state scale as O[(N In N )*], which
represents a significant increase compared with the power-law behavior O(N *%) of conventional
flat-histogram DOS algorithms, where 0 < z < 1. Results for the Ising model system are given
in Figure 5; for simple systems, the advantage of flux methods over flat-histogram approaches is
evident. Note, however, that in order for the round-trip approach to be effective for systems having
low diffusivity along reaction coordinates (such as proteins), one must provide a good initial guess
of the density of states. Escobedo & Martinez-Veracoechea (98, 99) have presented an extension
of Trebst et al.’s (97) work for EXEDOS simulations.

3.5. Use of Rejected States to Enhance Sampling

All of the DOS-based methods described above rely on the original Metropolis concept (77) in
which only accepted trial moves are used to compute thermodynamic averages. Rejected states are
never used to estimate observables such as the DOS. Frenkel (100) showed that rejected states can
in fact be used in traditional Monte Carlo simulations to improve sampling. Chopra & de Pablo
(101) subsequently showed that rejected states can also be included in WL DOS and CT DOS
algorithms to improve sampling and the overall performance of DOS-based simulations.

To include rejected states in the WL DOS algorithm, a single WL DOS step between two
states, o to n, is replaced by M WL DOS steps, where M is a large number. The states 0 and #
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Figure 6

Statistical errors in the calculation of specific heat (Cyr / k) for a truncated and shifted Lennard-Jones liquid
(p* = 1). For a given amount of computer time, the configurational temperature density of states (CT DOS)
method with the use of rejected states (CT DOSH) provides results of greater accuracy than those obtained
by a traditional Wang-Landau (WL) DOS method. Figure adapted with permission from Reference 101.
Copyright (© 2006, American Institute of Physics.

will be referred to as microstates and the M intermediate WL DOS steps as microsteps. These
microsteps are analogous to the sampling of a Markovian web in Reference 100. If out of M
microsteps, M, steps are taken to state o (and M, steps to state ), and if in every visit to o (or
n) the DOS Q is updated according to Q(E,) = Q(E,)f [or Q(E,) = Q(E,)f ], where fis an
arbitrary modification factor, then, in effect, after M microsteps, Q(E,) is modified to Q(E,) f*
[and Q(E,) to Q(E,) f]. In the limit of M going to infinity, M, (or M) is givenby M, = M P(o)
[and M, = M P(n)], where P(s) is the probability of visiting state s during the microsteps. The
probability P(s) in DOS simulations is proportional to 1/ Q(E,); for the microsteps, P(0) is given
by Q(n)/(Q(0) + Q(n)), and P(n) is given by Q(0)/[2(0) + Q(n)]. After the microsteps, the DOS
Q is updated according to:
Q)
Q(E,) f1e@+am] | if E=E,

_ 20)
Q(E) = Q(E,) fe0+e@] | if E=F,

Q(E), if E+FEorE,

No histogram update is performed during the microsteps. The remainder of the algorithm is
identical to that of a conventional DOS simulation. The analysis for the CT DOS algorithm is
similar. As illustrated in Figure 6, Chopra & de Pablo (101) reported that for DOS simulations of
a simple Lennard-Jones liquid, CT DOS with the use of rejected states provides results that are
more accurate than those obtained by a traditional WL DOS method for a comparable amount
of simulation time.

3.6. Additional Improvements to Density of States Simulations

Additional improvements to the original WL DOS approach rely on the concept of parallel tem-
pering (20, 21) or replica exchange (22). Fenwick & Escobedo (61), for example, have shown that
EXEDOS simulations can be improved by applying a small number of replicas. Another improve-
ment to DOS approaches, suggested by Shell et al. (102), seeks to accelerate the time required to
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reach a flat histogram by providing an estimate of the initial DOS guess that relies on infinite-
temperature transition probabilities, i.e., the probabilities associated with a move proposal only.

4. ADVANCES IN METADYNAMICS

As was the case for traditional DOS simulations, some of the central concerns in metadynamics
simulations are related to convergence. The issue of convergence in metadynamics is perhaps more
severe because, as originally proposed, the method relies on a continuous influx of energy into the
system throughout the entire duration of a molecular dynamics simulation; detailed balance is not
satisfied asymptotically, as was the case in Monte Carlo DOS-based approaches. Several strategies
(74-76, 103-107) have been proposed in recent years to address such concerns. Most of these
represent ad-hoc solutions; mathematical proofs of convergence have been scarce. We discuss
several of these techniques below, and, for a few simple model systems, we provide comparative
results.

Metadynamics yields a free energy profile F(s) as a function of an order parameter s. One of
the simplest methods to deal with the problem of convergence involves a simple averaging of F(s)
performed over the final portion of a regular metadynamics simulation run. Mathematically, the
converged free energy curve is given by:

1 /7
F(s)=— dtF(s, t), 22.
T Jr-
where T represents the time over which the averaging is performed and 7 represents the total
time for a metadynamics run. It has been shown numerically that such an approach works for
a model Langevin system without memory friction or inertia (108) and for a 2D Ising model
(109) using Monte Carlo metadynamics. For more complex systems in which the free energy is
unknown a priori, it is unclear whether this approach would work and how parameters T and 7°
would influence the results.

4.1. Flat-Histogram Metadynamics

Min et al. (76) have proposed another solution to the problem of convergence in metadynamics
based on flat-histogram ideas from WL DOS simulations. They start a regular metadynamics
simulation with large hill heights and collect a histogram of visits to distinct order parameter
states. Once that histogram is sufficiently flat, the hill heights are decreased. In a sense, the hill
heights being added plays a role analogous to that of the modification factor fin DOS-based
algorithms. As the hill heights become smaller, the condition of detailed balance is satisfied
asymptotically, similar to the case of WL DOS simulations. After several metadynamics cycles,
the hills are so small that the free energy surface F(s) changes only negligibly, thereby leading to a
converged free energy surface. Mathematically, the distribution of the system, i.e., the histogram
1, (5), is given by 7,,(s) oc w(s)Q2(s), where w(s) represents the bias applied to the system to ensure
uniform sampling of the order parameter space and Q(s) is the DOS of the system. In this notation,
7n,(s) denotes the number of times that a state s is visited for a given applied weight w(s). In the
spirit of DOS approaches, once the histogram is flat and 7, (s) is constant, the free energy F(s) is
given by:

Fs)

kT
As noted before, in traditional metadynamics, the free energy surface F(s) is given by the nega-
tive of the added Gaussian potentials —V(s). Hence, we see from Equation 23 that the added

=Ilnw()=—InQ(). 23.
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Gaussian potentials are analogous to the weights applied to ensure uniform sampling: In w(s) =
—InQ@)=— %. More generally, in metadynamics, the additional Gaussian potential terms can
be seen as the set of weights w(s) applied to the system to ensure uniform sampling of the complete
order parameter space. Such a result provides a direct link between DOS-based methods and the
metadynamics approaches that rely on molecular dynamics simulations to evolve the system.

4.2. Well-Tempered Metadynamics

Barducci et al. (110) have proposed an alternative means to improve convergence, the so-called
well-tempered metadynamics (W T'M) method, which is inspired by ideas from the self-healing
umbrella sampling technique (72). In WTM, the order parameter space s is sampled at an elevated
temperature 7' + AT . For a system with a single collective variable s, the sum of added Gaussian
potentials at any time ¢ is given by

Vo] - —s(@)F | »

Vot = e | 0 e |

t'<t

where all parameters have the same meaning as in Equation 10. Parameter AT controls the rate

of decay for the height of the added Gaussian potentials or hills. The final free energy is given by

T + AT
AT

When AT — oo, WT'M approaches the traditional metadynamics technique, and when AT — 0,
it approaches an unbiased simulation. It has been shown mathematically that, in the long time

F(s) = — Vs, 1) 25.

limit, WTM leads to a converged free energy surface. The time for convergence, however, depends
strongly on the values of parameters I, ds, and AT . Given that the actual free energy profile
is not known a priori, for complex systems it can be challenging to identify an optimal set of
parameters that leads to efficient convergence of the algorithm.

4.3. Flux-Tempered Metadynamics

As mentioned earlier, metadynamics can be linked directly to DOS-based approaches. Dayal
etal.’s (91) concerns about the limitations of flat-histogram-based sampling algorithms therefore
extend to metadynamics. Recently, Singh et al. proposed an algorithm, known as flux-tempered
metadynamics (FTM) (107), that addresses convergence using ideas from round-trip maximization
(see Section 4.4). Based on the equivalence between In w(s) and the added Gaussian potentials
V(s), as described with respect to the flat-histogram method proposed by Min etal. (76), Equation
20 can be rewritten for metadynamics as:

Va) = V@)D +m(s),

26.
where m(s) = _%kBT [ln ‘;l —In nw(s)(ozd)} .
5

Similar to the strategy of Trebst et al. (97), the FTM method is iterative in nature, and detailed
balance is satisfied. One major advantage of FT'M over other versions of metadynamics is that the
simulated free energy surface does not depend on the actual metadynamics parameters such as the
hill height I or hill width bs.

It is instructive to compare the performance of various versions of metadynamics on a simple
toy model. In what follows we consider an isolated butane-like molecule in a vacuum. For details on
the system, readers are referred to Reference 107. Four variants of metadynamics are considered
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Figure 7

Error as a function of simulation time (see Equation 27) in the free energy of an isolated butane-like
molecule as a function of the dihedral angle when different values of the hill height 17 and parameter AT
are used for well-tempered metadynamics simulations.

here. In all cases, hills were added every 0.1 ps. First, a conventional metadynamics algorithm
was implemented using two values of hill height 7, namely 0.1 kcal mol~! and 0.01 kcal mol~".
Second, for the WTM method, all simulations were performed with an initial hill height of 0.1 kcal
mol~!. The optimal value of the parameter A7 in Equation 24 was determined by trial and error.
Determination of an optimal value of this parameter is possible only because of the simplicity
of the butane-like molecule; for more complex systems, such determination can be challenging.
Figure 7 shows the effect of different parameters on the quality of the simulated free energy as a
function of dihedral angle. One can see that a poor choice of parameters can lead to convergence
times that differ by more than three orders of magnitude.

Third, the flat-histogram metadynamics proposed by Min et al. (76) was implemented with an
initial hill height of 0.1 kcal mol~'. Finally, FTM was implemented as outlined in Reference 107.
The initial guess for the FTM method was generated from a conventional metadynamics run for
500 ps with a hill height of 0.01 kcal mol~!. The resulting free energy profiles for all four methods
after a simulation run of 1 ns are plotted in Figure 8.

The FT'M method is able to generate a converged free energy profile relatively quickly, whereas
the other metadynamics variants yield free energy profiles that exhibit considerably larger errors.
The convergence can be quantified through the following definition of the error in F(s):

S+
Err(t) = (12%/ ds ’F(.Y, t) - Fanalytical(‘y) - C(t)’v 27.

where F(s, 7) is the free energy obtained from any method at time #, Finaiytical(5) is the analytical
(exact) free energy curve, and the optimal value of C(¢) is found using a least-squares fit. Figure 9
shows the error function as defined in Equation 27 for the butane-like molecule. The FTM
method proposed here converges in 1 ns, faster than all other methods (which require more than
5 ns to converge). More importantly, the error Err(r) in the free energy profile generated by
the FTM method is considerably smaller [Err(t) ~ 0.6] than that obtained with other methods
[Err(z) > 3.3].
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Figure 8

Free energy as a function of dihedral angle as obtained by several methods after a simulation run of 1 ns for
an isolated butane-like molecule. Abbreviations: FHM, flat-histogram metadynamics; FTM, flux-tempered
metadynamics; Meta, metadynamics; WTM, well-tempered metadynamics. Figure adapted from Reference
107.

The FTM simulations can be particularly helpful for more complex systems, including proteins.
Figure 10 shows results for the extension of a 15-residue helical polyalanine peptide in explicit
water from different types of metadynamics simulations and from an extensive umbrella sampling
simulation; statistics were collected over 2 ps of simulation time. To generate an acceptable free
energy profile [error function (from Equation 27) < 1], the FTM converges several orders of
magnitude faster than the other metadynamics methods considered here.

Several other approaches (106, 111, 112) that have been proposed to address the issue of
convergence avoid calculating a free energy profile directly from metadynamics. Babin et al. (106)

I T R T A St
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) P N B B e e 0 2 A-AFTM
10 100 1,000 10,000
Time (ps)

Figure 9

Error as a function of simulation time (see Equation 27) in free energy profile as a function of time for
different simulation methods for an isolated butane-like molecule. Abbreviations: FHM, flat-histogram
metadynamics; FTM, flux-tempered metadynamics; Meta, metadynamics; WTM, well-tempered
metadynamics. Figure adapted from Reference 107.
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Free energy as a function of end-to-end distance as obtained by several methods after a simulation run of
20 ns for extension of a 15-residue polyalanine peptide (structures shown below graph) in explicit water
(solvent not shown for clarity). The reference free energy is from an umbrella sampling simulation with
40 windows in the order parameter range of interest (1.7-3.1 nm) and 50 ns of simulation time for each
window. Abbreviations: FHM, flat-histogram metadynamics; FTM, flux-tempered metadynamics; Meta,
metadynamics; WTM, well-tempered metadynamics.

Figure 10

and Zhang & Voth (112), for example, use metadynamics to identify a minimum free energy path
and then use this information to perform umbrella sampling (47) simulations to arrive at a final
converged free energy profile. Li et al. (111) perform metadynamics in energy space. Once a rough
bias is obtained, a new simulation is started with a fixed bias. The final free energy is obtained
from the statistics generated from the fixed bias simulations and by applying a weighted histogram
analysis (113, 114) with the applied bias.

Beyond the issue of convergence, several authors have examined the accuracy, speed, and
parameter dependence of metadynamics. For conventional metadynamics, Laio et al. (115) have
quantified the dependence of the resulting errors on different metadynamics parameters for a
model Langevin system without memory friction or inertia according to:

[Sos W
= C) DTXC?, 28.

where C(d) represents the lower bound to the error, S is the system size, D is the diffusivity of
the system in the collective variable space, 8 is the inverse temperature, J# is the height of the
added hills, t¢ is the frequency of hill addition, and &8s is the width of the hills. Laio et al. (115)
conclude that the easier it is for the variable s to diffuse through the region of interest (equivalent

to a large value of D), the better the accuracy will be. The error in general increases as the region
explored by metadynamics, S, becomes bigger or topologically more complex, which suggests that
the method should be used with caution for reconstructing the free energy profile on large regions
or on free energy surfaces containing many basins connected by narrow paths.

The application of metadynamics for simulation of complex systems is limited by the choice
of collective variables. Ideally, one should use the slowest reaction coordinates to fill the hills; in
practice, such coordinates are seldom known. In the absence of well-defined strategies for selection
of optimal collective variables, it is common to work simultaneously with multiple collective
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(@) A cyclophane ring and (%) 1,5-dihydroxynaphthalene are solvated in acetonitrile (solvent not shown for
clarity). (¢) Total simulation time (b/ue squares) and time simulated by each walker (red circles) required for one
walker to escape from the starting well, averaged over 10 independent simulations, as a function of the
number of walkers (Ny). The total time is almost constant, whereas the time required per walker decreases as
1/Ny, which indicates that the algorithm scales linearly. Figure adapted with permission from Reference
116. Copyright (© 2006 American Chemical Society.

variables. The obvious problem with such an approach is one of computational resources: the
time required for a traditional metadynamics simulation follows a power-law dependence on
the number of collective variables. The next section describes several improvements to enhance
sampling with a suboptimal choice of collective variables.

4.4. Multiple Walkers in Metadynamics

With the advent of multicore computers, multiple simulations of the same system can be run in
parallel. In Raiteri etal.’s (116) approach, multiple walkers are used to explore the same free energy
surface. Each walker contributes to a history-dependent potential that, in metadynamics, serves
as an estimate of the free energy. In particular, the free energy surface from a multiple-walker
simulation with N,, walkers is given by:

Nw
WS [, Is — s;(")|?
FG(s,t):—TGE /Odt EXP(_72|65|2 ), 29.
i=1

where s; is the position of the i walker and other symbols have the same meaning as in Equation 10.
The idea presented in this method can be connected to the results of Equation 28. As the
error in the free energy is inversely proportional to the diffusivity of the walkers, by increasing
that quantity the error in the free energy surface can be decreased significantly. Representative
results for a real complex of a tetracationic cyclophane and a 1,5-dihydroxynaphthalene solvated
in acetonitrile are shown in Figure 11 (116). This system is known to have two energy minima
states separated by an energy barrier of ~15 kJ mol~'. Raiteri et al. (116) showed that the error
in the calculated free energy surface is independent of the number of walkers. They also showed
that the maximum number of allowed walkers grows exponentially with the dimensionality of the
free energy that is desired. For more complex systems, larger numbers of walkers can be used.
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4.5. Parallel Tempered Metadynamics

Parallel tempering or replica exchange (20,21,22,35,117, 118) is commonly used to improve sam-
pling in Monte Carlo and molecular dynamics simulations. Bussi et al.’s (119) method combines
the ideas of parallel tempering with metadynamics. Consistent with conventional implementations
of parallel tempering (20, 21, 22, 35, 118), multiple replicas of the system are run simultaneously
at different temperatures. Although a conventional metadynamics (73) simulation is carried out on
each replica independently, configurations between neighboring replicas are exchanged periodi-
cally subject to a Metropolis acceptance criterion. The acceptance ratio for an exchange involving
replicas i and j is given by:

p?;cept — min I:l’ exp (((3] - BHU (x]) = U (x))]
+ [Sl-{Vé[s(xi)] - V&[s(xj)]} 30.
+ Bj{VGf'[s(xj)] - Vé[X(xf)]})]’

where U is the potential energy of a system and x represents the coordinates of the system. If an
exchange is accepted, the coordinates are exchanged and momenta p are rescaled according to

’ ’ B,
x=x;; p= ?{Pj’ 31.

X =x ph= /%pi. 32.

As the simulation proceeds, the biases corresponding to different temperatures tend to compensate
for the corresponding free energies, and the various CVs start diffusing freely on a barrier-less
landscape. This leads to a significant decrease in the autocorrelation time.

4.6. Bias-Exchange Metadynamics

A common feature of most parallel tempering simulations is that many replicas are required for
correctand optimal sampling. An exception is provided by Faller etal. (117), who introduced paral-
lel tempering in a multicanonical ensemble. In this approach, multicanonical weights are derived
by a self-consistent iterative process using a Boltzmann inversion of global energy histograms.
Such a procedure gives rise to a much broader overlap of thermodynamic-property histograms,
thereby reducing the number of replicas necessary to cover an energy range. Similarly, for com-
plex and large systems, many temperature replicas are generally required to sample the slowest
CVs. Along the same vein, Piana & Laio (120) have proposed a modification of metadynamics in
which multiple replicas are simulated in different boxes at the same temperature but with different
biases. This approach is particularly helpful for systems in which a reasonable set of slow CVs can
be guessed a priori. In this way, only a few replicas are necessary. In addition to running replicas
in which a bias is applied, an additional replica with no bias is also simulated. The replicas with
biasing help enhance sampling, but the final free energy is calculated on the basis of statistics
generated in the replica with no bias. The acceptance criteria for trial exchanges between replicas
i andj are given by

Py = min (1, exp {B[Viwr, )+ Vi, 0 = Vi, 0 - Vi 0] ). 33.
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If an exchange move is accepted, the collective variables jump from s;(x;) to s;(x;) and from
5;(x;) to s;(x;). This method is helpful in simulations of the structure of unknown peptides.
However, it does not yield the free energy profile of the system to within an arbitrary accuracy.
The calculated free energy profile depends on the statistics generated from a given simulation
run, and there are no criteria for stopping a calculation. The idea of running multiple replicas
under different potentials has been used more generally (121) where biasing may not be guided by
metadynamics. Recently, Smiatek & Heuer (122) proposed a method that applies the histogram
reweighing technique described in Section 3.4 in the context of metadynamics simulations (see
Supplemental Text). Such an approach can also be applied to bias-exchange simulations; in that
case, one could in principle rely on statistics generated from all replicas to determine a free energy.

4.7. Self-Learning Metadynamics

Another recent development in the area of metadynamics aims to accelerate simulations by con-
structing a bias potential in terms of a patchwork of 1D, locally valid collective coordinates.
For complex systems, typically several collective variables are important for effective sampling in
metadynamics. Determination of such collective variables is challenging. In self-learning meta-
dynamics (123), such collective coordinates adapt to any new features encountered during the
simulation. The performance of self-learning metadynamics has been discussed recently in the
context of model proteins with promising results (123). However, as in traditional metadynamics,
the self-learning method does not guarantee convergence.

5. CONCLUDING REMARKS

The central aim of this review is to provide a general overview of novel simulation algorithms
proposed within the past decade, in which the sampling or exploration of phase space is guided by
the density of states or entropy of the system. In these algorithms, the DOS is not known a priori,
but it evolves toward a converged value as the simulation proceeds, thereby providing the entropy
or free energy of the system as one of the outcomes of the simulation. The methods discussed
here have been organized into two classes, namely, Monte Carlo based and molecular dynamics
based. The former build upon the original DOS algorithm proposed by Wang and Landau at the
turn of the century, and the latter rely on the metadynamics ideas originally proposed by Laio
and Parrinello. Monte Carlo approaches are powerful and flexible, but their application generally
has been limited to relatively simple systems. In contrast, molecular dynamics—based methods are
somewhat constrained in that they rely on modifications to Newton’s equations of motion, but
they are easily applicable to complex macromolecular systems, including biological molecules, in
large part owing to the availability of public domain software [PLUMED is a software package
(124) that implements metadynamics in several well-known simulation packages].

Two severe outstanding challenges include the issue of convergence and that of identifying
appropriate order parameters or CVs to guide the sampling of phase space. To date, convergence
has been examined more convincingly in the context of Monte Carlo-based DOS approaches. With
regard to the choice of CVs or order parameters, a pressing issue is that of developing systematic
approaches to identify suitable, slow variables upon which efficient sampling algorithms can be
built.

Although this review is not exhaustive, one of our goals is to introduce new practitioners
of molecular modeling to several of what we consider to be the more advanced and powerful
simulation techniques proposed in recent years. For each approach, we have emphasized some of
the shortcomings of existing techniques, and we have presented some of the emerging strategies,
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however imperfect they may be, that experts have proposed to address such limitations. There
is considerable room for refinement and for further advances, but as illustrated in this review,
DOS-based methods have already provided enormous improvements over conventional simulation
techniques for the study of complex molecular systems.
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